PRODUCTS OF METRIC SPACES, 
COVERING NUMBERS, PACKING NUMBERS 
AND CHARACTERIZATIONS OF ULTRAMETRIC SPACES 
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Abstract. We describe some Cartesian products of metric spaces and find 
conditions under which products of ultrametric spaces are ultrametric. 



1. Introduction 

Let {X, d) be a metric space. The closed balls with a center c E X and radius 
r, < r < CX3, are denoted by 

B{c, r) = Bd{c, r) = {x eX : d(x, c) < r}. 

Let W he a subset of X and let e > 0. A set C C X is an e-net for W if 

C (J B{c,e). 

cec 

A set W C X is called totally bounded (or precompact) if for every e > there 
is a finite £-net for W. The covering number of a totally bounded set W C X is 
the smallest cardinality of subsets of W which are e-nets for W. A set A C X is 
called e- distinguishable if d{x,y) > e for every distinct points x,y d A, [7]. The 
packing number of a precompact set W X is the maximal cardinality of the 
^-distinguishable sets A C W. 

We denote by A/'e(VF) and by Me{W) the covering number and, respectively, 
the packing number of a totally bounded set W C X. These quantities have been 
invented by Kolmogorov [6] in order to classify compact metric sets. Note that 
the function log2A/'e(VF) is the so-called metric entropy and it has been widely 
applied in approximation theory, geometric functional analysis, probability theory 
and complexity theory, see, for example, [2,5,7,8]. 

A main general fact about packing and covering numbers is the simple double 
inequality 

(1.1) M2e{W) <KiW) <MeiW). 

In the second section of this paper we consider some transfinite generalizations of 
covering numbers and packing ones and obtain a more exact version of inequality 
(jl.ip . see Lemma [221 It implies the characterization of ultrametric spaces as spaces 
for which packing numbers equal covering numbers. In the third and fourth sections 
we introduce some "natural" metrics on the products of metric spaces and discuss 
conditions under which the products of ultrametric spaces are ultrametric. 
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(2.3) s{x,y,z):= 



2. The equality between covering numbers 

AND packing numbers 

Let {X^d) be a metric space. Denote by to = t{){d) the supremum of positive 
numbers t for which the function {x,y) \ — > {d{x,y)Y is a metric on X. This 
quantity has the foUowing characterization, see [3]. 

Lemma 2.1. Let x,y and z be points in a metric space {X,d). If the inequality 

(2.1) max{c?(x, z), d(z, y)} < d(a;, y) 

holds, then there exists a unique solution sq G [1,oo[ of the equation 

(2.2) {d{x,y)y = {d{x,z)y + {d{z,y)r. 
For points x, y and z in X write 

'so if dm]) holds 
+00 otherwise 

where sq is the unique root of equation (|2.2p . 
Proposition 2.2. The equality 

to{d) = inf{s(a;, y, z) ■.x,y,ze X} 
holds in every metric space {X, d) . 

Remark 2.3. A point z in a metric space {X,d) lies between two distinct points 
X and y if d{x, z) + d{z, y) = d{x, y) and x ^ z ^ y, see [9, p. 55]. Now to = ^o('^) 
can be called the betweenness exponent of the space {X,d). 

Recall that a metric space (X, d) is ultrametric if the metric d satisfies the ultra- 
triangle inequality d{x, y) < max{d{x, z), d{z, y)} for all x,y,z ^ X. In this case d 
is called an ultrametric. Since (j2.1|) never holds in an ultrametric space {X, d) we 
have to{d) = oo in this case. In fact, {X, d) is ultrametric if and only if to{d) = oo. 

Lemma 2.4. Let B{a,r) be a closed ball in a metric space {X,d). Then we have 
the inequality 

(2.4) diam(B(a,r)) < 2^r 
where to = to{d) is the betweenness exponent of {X,d). 

Proof. If to{d) ~ oo, then {X,d) is ultrametric and diam _B(a,r) < r for every 
ball B{a,r), see, for example, [4, p. 43]. In the case to{d) < oo the function 
{x,y) I — > {d{x,y)Y° is a metric. Hence, by the triangle inequality, we have 

d*° {x, y) < d*° {x, a) + rf*" (y, a) < 2r*° 

for all y G B{a,r). The last inequality implies (|2.4p . □ 

There is the possibility of more refined classification of nonprecompact metric 
spaces by means of an extension of the range of values of the functions J\f^ and 
to transfinite cardinal numbers. 

Let W and A be subsets of X. Define 

(2.5) Af.'^iW) := min{card(C) : C is an e-net for and C C A}. 

Moreover for the sake of simplicity, write JVeiW) := JV^ (W). 
For convenience we introduce an additional definition. 

Definition 2.5. A set A is maximal e- distinguishable with respect to if ^ is 
^-distinguishable, A C W and for every e-distinguishable B C W the inclusion 
A C B implies the equality A — B. 
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Write for the smallest power of maximal e-distinguishable sets A C W 

and define the quantity A4l{W) as the smallest cardinal number which is greater 
than or equal to card(A) for every e-distinguishable A C W. It is clear that 

MliW) = MeiW) and K{W) = J\fe{W) 
for every precompact W. 

Lemma 2.6. Let W be a set in a metric space {X,d). Then for every e > we 
have the following inequalities 

(2.6) M*i_ (W) < Af,^{W) < KiW) < M,{W) < M;{W) 

2*0 e 

where to is the betweenness exponent of X . 

Proof. The first inequality from the right is immediate. For the proof of the second 
one note that every maximal e-distinguishable set ^ C is an e-net for W. 
The inequality Af^{W) < J\fe{W) is clear from the definitions. To prove the first 
inequality from the left it suffices to show card(A) < (W) for every 2*o e- 
distinguishable set A C W. Let {xi : i S /} be an e-net for W with card(/) = 

Af^ {W). Suppose that there exists a 2*0 e-distinguishable set Aq CW for which 

card(ylo) > card(/). 
This inequality and the inclusion 

^0 C |JS(a;„e) 

imply that there exists a ball B{xi,s) which contains at least two distinct points 
Ui, Zi G Aq. (In the opposite case Aq and some subset of / have the same cardinal- 
ity.) Lemma [2.41 implies that 

d{yi,Zi) < 2*o£. 

This contradicts the assumption that Aq is 2*0 e-distinguishable. 

□ 

Corollary 2.7. Let X be a nonprecompact metric space. Then for some eo > 
there is an Sq- distinguishable, countable infinite set A <Z X . 

Example 2.8. Let X be a set of a power a > 2 and let a be an element of X. For 
every two distinct x,y lE X write 



d{x,y) 



otherwise 



where t e [1,cxd[ and put d{x,y) — if x — y. Proposition 12.21 implies that the 
metric space {X,d) has the betweenness exponent to{d) — t. If we define a set W 
asW ^ X\ {a}, then 

Af,{W) = Me{W) = M*{W) = card(TF) 

but 

AAf (M/) ^ M\^iW) = 1 = Me{X) 

for every e G ]1, 2? [. 

Theorem 2.9. Let {X,d) be a metric space. The following statements are equiva- 
lent. 

(i) The space X is ultrametric. 
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(m) For every W Q X the equalities 

(2.7) Ml{W) ^ {W) = Me{W) ^ Me{W) 

hold for all s > 0. 
{Hi) For every compact W C X and every e > we have the equality 

Ms{W) = Me{W). 

Proof. Since to{d) — oo holds if d is an ultrametric, inequalities (|2.6p inipliy (|2.7p 
for ultrametric spaces. The implication (ii)=J»(iii) is trivial. If {X,d) is not an 
ultrametric space, then there are points a,b,c £ X such that 

(2.8) d{a, b) > max{d(a, c),d{b, c)}. 

Write £ := max{d(a, c), d{b, c)}. It follows from that Me{{a, b, c}) > 2. More- 
over, since B{c,e) 3 {a, 6, c}, we see that M^{{a,b,c}) < 1. Hence A/'£({a, 6, c}) 
Me{{a,b,c}). □ 

Consider now equalities (|2.7p for non ultrametric spaces. 

Recall that a cardinal number a is the density of a metric space X if 

a = niin(card(A)) 

where the minimum is taken over the family of all dense sets A <Z X. For the 
density of X we use the symbol denX. For convenience we repeat some definitions 
related to the confinality of the cardinals, see, for example [10]. We understand the 
ordinal numbers as some special well-ordered sets a, /?, ... for which the statements: 
-a is similar to an initial segment of /3 and a ^ f3, a < f3; 
-a is proper subset of /3, a C /3; 
-a belongs to /3, a G /3 

are equivalent. An ordinal number /? is an initial ordinal if for all ordinals a we 
have the implication 

{a ^ 13) ^ {\a\ < \(3\) 
where \a\ and |/3| are corresponding cardinality of a and /3. By cardinal numbers 
we mean initial ordinals. An ordinal number a is confinal in an ordinal (3 if there 
is an one-to-one increasing mapping f : a —> P such that for every ordinal 7 £ /3 
there exists an ordinal 5 G a with 

7 -< f{d) or 7 = f{5). 

The confinality of an ordinal P is the least ordinal a with a confinal in p. We 
write cf(/3) for the confinality of /3. If a is the confinality for some /3, then a is a 
cardinal, [10, p. 91]. 

Theorem 2.10. Let W be a subset of a metric space X . Suppose that den{W) is a 
cardinal of an uncountable confinality. Then there is Eq > .such that the equalities 

(2.9) K^{W) = Afe{W) = Me{W) = M;{W) = den{W) 
hold for alls G ]0,eo[- 

Write, as usual, Hq for card(N) and c = 2^''=card(R). 

Corollary 2.11. Let W be a subset of a metric space X. If den{W) = c, then 
there is Eq > .such that the equalities 

(2.10) K^{w) = jVe{w) = Me{w) = m;{w) = c 

hold for all e G ]0, £o[- 

Proof. Since for each infinite cardinal 7 we have 7 -< cf{2'^), see [10, Theorem 
44, p. 93], c has an uncountable confinality. □ 
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Corollary 2.12. Let {X,t) be a metrizable topological space, let W CI X be a set 

such that den (W) is a cardinal of an uncountable confinality and let D be a finite 
family of metrics d each of which induces the topology t on X. Then there is Eq > 
such that for all e G ]0,eo[ the values KiW), jif^{W), Me{W) and M*{W) do 
not depend on the choice of d £ D . 

Proof of Theorem \2.1(A The definitions of cardinal numbers Ne{W) and den(VF) 
imply that the inequality 

N^{W) < AfeiW) < deniW) 
holds for all e > 0. Hence, by ()2.6p . we have 

Me{W) < M;{W) < den(VK) 
if £ > 0. Moreover, if there is Eq > such that 

(2.11) deniW) <K„{W), 
then the last inequality and ()2.6|) imply 

Af^{W)>M*_^ (W)>M_^ (W)>Af__L {W)>deii(W). 

° 2 *o eo 2 *o £(, 2 *o so 

Therefore, it is sufficient to show (|2.1ip with some eo > ■ 

If _D is a dense subset of W, then for every k G ]0, 1[ and all e > we have the 
double inequality 

(2.12) AeiW) > Me{D) > J^^iW). 

Indeed, if C = {q : i G /} is a ke-net for W with card(C) = AfkeiW), then the 
density of £> in implies that for every Ci € C there is 6^ G D such that B{bi,e) 3 
B{ci, ke). Hence we have 

DCW C |jB(c„fc£) C[j B{b,,e), 
iei iei 

i.e., {6i : i G /} is an e-net for D, so the first inequality in (|2.12p is proved. Similarly, 
if P — {pi : i £ 1} is an e-net for D with card(P) = J\fe{D), then for every x gW 
there is pt £ P such that 

X G B{p,, |). 

Hence P is an j:-net for W, that implies the second inequality in (j2.12|) . 
Let D be a dense subset of W such that 

(2.13) cardiD) = dcn(PF). 

Consider a sequence of positive numbers ei, e2, ... with limi-tooSi = 0. Suppose 
that a set Di is an Si-net for D with Di C_ D and with 

(2.14) card(A) = ^4,(1)) 
for every i G N. The set 

oo 

(2.15) ^ - U 

i=l 

is a dense subset of W and D C D. Hence, by (|2.13p . card(_D) = den{W). Suppose 
also that the inequality 

(2.16) card(A) < den{W) 

holds for each Di. Let 7 be an initial ordinal such that I7I = card(I?) and let 
/ : 7 — > Z? be a bijection. Inequality (|2.16p implies that for every ordinal ai := 
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/ ^{Di) there is an ordinal /3i S 7 such that is similar to an initial segment of 

(3i and Ui ^ Pi. 

From this and (j2.15|l it follows that Kg is confinal in the ordinal number den(Vl^), 
contrary to the supposition of the theorem. Thus there is > such that 
card(l?jj = den(VF). This equality and (P?T^ imply (PTTj) with = ksig. □ 

3. Metrics on products of metric spaces 

Let {X,dx) and (F, dy) be two metric spaces. 

Definition 3.1. A metric d on the product X xY is said to be distance-increasing 
if 

(3.1) d{{xi,yi), {x2,y2)) < ^((2:3,^3), (a;4,2/4)) 
whenever 

(3.2) dxixi,X2) < dx{x3,X4) and (j/i, 2/2) < ^^(ys, 2/4); 
d is partial distance-preserving if we have the equalities 

(3.3) d{{xi,y),{x2,y)) = dx{xi,X2) and d((a;, yi), (x, ^2)) = ^^(2/1, ^2) 
for all X, xi,X2 £ X and y, 2/1,2/2 £ Y. 

Remark 3.2. When 

(3.4) dx{xi,X2) = dx{x3,X4:), ^^(2/1, 2/2) = dy(2/3, 2/4), 
we obtain from (|3.ip and p.2p that 

(3.5) d((xi,2/i), (a:;2,2/2)) = ^((0:3, 2/3), (2:4, 2/4)), 

i.e., the distance- function d : (X x F) x (X x F) ^ R+ depends only on "partial" 
distance- functions dx and dy- Consequently, there is a mapping F : Dx x Dy 
R+ with 

(3.6) Dx:^{dxix,y):x,yeX}, Dy := {dy{x,y) : x,y e Y} 
such that the following diagram 

{X xY)xiX X Y) >- R+ 

(3.7) Id F 

{XxX)x{Yx Y) . Dx X Dy 

is commutative. Here Id is an identification mapping 

Id((a;i,2/i), (2:2, 2/2)) = {{xi,X2), (2/1,2/2)) 
and djf ® dy is the direct product of the partial distance functions dx and dy, 
dx ^dy{{xi,X2)Ayi,y2)) = idxixi,X2),dy{yi,y2)). 

Diagram (j3.7p shows that we can find the metric properties of the product 
X X Y using the corresponding ones of the function F. This approach to the 
study of metric products was originated at the paper of A. Bernig, T. Foertsch and 
V. Schroeder [1]. 

Example 3.3. For every p e [1, cxd] let dp be a metric on A" x F defined as 

(3.8) dp ( (xi , 2/1 ) , (X2 , 2/2 ) ) = ((dx (xi , a;2 ))^' + (dy (2/1 , 2/2) )^) ^ 
if 1 < p < 00 and 

(3.9) doo((a;i,2/i), (2^2,2/2)) = max{dx(a;i, ^2), dy (2/1, 2/2)} 
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if p = oo. It is clear that the metrics dp are distance- increasing and partial distance- 
preserving for every p € [1, oo]. 

Proposition 3.4. Let {X,dx) and (Y^dy) be two metric spaces and let d be a 
distance-increasing, partial distance-preserving metric on the product X xY . Then 
the following double inequality holds for all and {xi, yi) £ X x Y, i — 1,2, 

(3.10) doc{{xi,yi), {x2,y2)) < d{(xi,yi), {x2,y2)) < di((a;i,yi), {x2,y2)) 
where metrics doo and di are defined by p.9p and p.Sp . respectively. 
Proof. To prove the first inequality in (|3.10p we may assume that 

(3.11) doo{ixi,yi), (x2,V2)) = dx{xi,X2). 
Since ^^(1/1,2/2) > = dY{yi,yi) and d is distance-increasing, 

d{{xi,yi), {x2,y2)) > d{{xi,yi), {x2,yi)). 

This inequality, the first equality in p.3p and p. lip imply that 

d{{xi,yi), {x2,y2)) > dx{xi,X2) = doo((a;i, yi), {x2,y2)), 

i.e., the first inequality in (13.10p holds. 

To prove the right hand side of p.lOp consider the following triangle inequality 
for the metric d 

(3.12) d{{xi,yi),{x2,y2)) < d((a;i, yi), (xi, 2/2)) + ^((2:1, 1/2), (a;2, 2/2))- 
From this and (|3.3p we obtain 

d{{xi,y2), {x2,y2)) < dx{xi,X2) +dy(yi,?/2) = di((xi,yi), (2:2, y2)), 
as required. □ 

Recall that there is a natural topology on the product space, it is the coarsest 
topology for which the canonical projections to the factors are continuous. 

Corollary 3.5. Let {X,dx) and{Y,dY) be two metric spaces. All distance-increasing, 
partial distance-preserving metrics on the product X xY induce the natural topology 
on this product. 

Proof. Let d be a partial distance-preserving, distance-increasing metric on X xY. 
Inequality p.lOp implies that doo < d < 2doo. Hence the spaces {X x Y,doo) and 
{X X Y, d) have the coinciding sets of convergent sequences. Consequently these 
spaces have the same topology. Moreover, it is well-known that doo induces the 
natural topology on X x Y. Therefore the topology of the space {X x Y, d) also is 
natural. □ 



Proposition [3l4] admits a partial converse. 

Proposition 3.6. Let {X, dx) and {Y, dy) be two metric spaces. If d is a metric on 
X xY such that double inequality (|3.10p holds, then d is partial distance-preserving 
and 

(3.13) d((xi,yi), (X2,y2)) < 2d{{x^,y^), (2:4, y4)) 

whenever inequalities (j3.2p hold. 



Proof. The first part of the proposition directly follows from (|3.10p . because doo 
and di is partial distance-preserving. To prove the second part we may use the 
following elementary inequality 

a + 6 < 2 max{a, 6} 

which holds for all a, 6 G R. □ 
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Figure 1 . The distance- matrix of a space (X x F, d) for X = 
{xi,a;2,X3} and F = {2/1,2/2,2/3}- 



Example 3.7. Let (X, dx) and (F, dy) be two three-point metric spaces such that 

dxix^.Xj) = dY{yt,yj) = \i - j\ 

for all Xi,Xj e X and all 2/i,2/j £ ^, *,i G {1,2,3}. Consider the metric space 
{X X Y^d) for which the metric d is defined by the distance-matrix from Fig. 1. 
Then double inequality (|3.10p holds for all (x^, 2/i) G -''^ x ^, * = 1, 2, and moreover 
we have the equalities 

1 = d((a;i,2/i), (2:2,2/2)) = ^d((2;2, 2/2), (2:3, 2/3))- 

Consequently d is not distance-increasing and 2 is the best possible constant in 
inequality p.l3p . 

The product space {X x Y, d) inherits many useful properties of the factors if d 
is distance-increasing and partial distance-preserving. Recall that a metric space 
(X, d) is proper if each closed and bounded set ^ C X is compact. 

Proposition 3.8. Let [X,dx) and {Y^dy) he two metric spaces. If d is a metric 
on X X Y such that p.lOp holds, then the following statements are true. 

(i) {X X y, d) is bounded if and only if {X, dx) and (Y, dy) are bounded, 
(a) {X X Y,d) is complete if and only if{X,dx) and (Y,dy) are complete. 
(Hi) {X X Y, d) is proper if and only if {X, dx) and (Y, dy) are proper. 

Proof. Propositions (i) and (ii) can be obtained by the standard arguments. 

For the proof of (iii) observe that a metric space (Z, p) is proper if and only if 
every closed ball 

Bp{a, r) := {x e Z : p{x, a) < r} 
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is compact. Suppose that {X, dx) and (F, dy ) are proper. From the first inequality 
in (j3.10p we obtain 

Bd{{xi,yi),r) C Bd^{{xi,yi),r) = Bd^{:xi,r) x BdY{yi,r). 

The last direct product is compact because the balls Bdx{xi,r) and BdYiviif) are 
compact. Hence Bd{{xi,yi),r) is compact as a closed subset of a compact set. 

Suppose that {X x Y, d) is proper. By Proposition (13. 6p d is partial distance- 
preserving. Hence for every closed ball Bd{{xi,yi)^r) the sets 

(3.14) {X X {yi})r\Bd{{xi,yi),r) and ({a;i} x F) n j/i), r) 

are isometric to the balls -Bd^(a;i,r) and Bdy- (yi , ^) , respectively. Since sets X x 
{yi} and {xi} xy are closed, the sets in (|3.14|) . and hence the closed balls Bd^ (a^i, ?') 
and iJdy- (j/i , , are compact. □ 

Theorem 3.9. Let {X,dx) and (y, rfy) be metric spaces and let d he a partial 
distance-preserving metric on X x Y such that the inequality 

(3.15) doo{{xi,yi), {x2,y2)) < d{{xi,yi), (2:2,^2)) 

holds for all {xi, yi) ^ X x Y, i = \, 2. Then d is an ultrametric if and only if dx 
and dy are ultrametrics and d = doo ■ 

Proof. Suppose that dx and dy are ultrametrics. Then for all {xi, yi) E X xY, i = 
1,2,3, we obtain 

max{doo((a;i,yi), (a;2, 2/2)), ^oo ((a;2, y2), (a;3,?;3))} 

= max{max{dx (xi , a;2 ) , (yi , 1/2 ) } , niax{ dx {x2 , 2:3 ) , dy (2/2 , ys ) } } 

= max{max{rfjf (xi , X2 ) , (2:2 , 2:3 ) } , max{dy (2/1 , 2/2)^1- (2/2 , ys) } } 

> max{dx(a;i,a;3),dy(2/i,y3)} = dco((2;i, yi), (2:3,2/3)), 

i.e., {X X y,doo) is an ultrametric space if {X,dx) and {Y,dy) are ultrametric. 

Conversely, let {X x Y, d) be an ultrametric space. Since d is partial distance- 
preserving we have 

dx{xi,X3) = d{{xi,y), {x3,y)) 

< max{d{{xi,y), {x2,y)),d{{x2,y), (2:3, y))} 

= ma.x{dxixi,X2),dxix2,X3)} 

for every y GY and xi, a;2, 2:3 S X . Hence dx is an ultrametric. A similar argument 
yields that dy is an ultrametric if d is an ultrametric. To prove that d = doo it is 
sufficient to show that the inequality 

(3.16) d((2:i,2;i), (2:2, y2)) < fioo((2;i, yi), (a;2,y2)) 

holds for all (a;i, yi), (2:2, y2) (z X x Y . Since d is a partial distance-preserving 
ultrametric, we have 

d{{xi,yi), {x2,y2)) 

< max{d((xi,yi), {xi,y2)),d{{xi,y2), {x2,y2))} 

= max{dy(yi,y2),dx(2:i,2;2)}, 
i.e., fTTCl) holds. □ 

Remark 3.10. Let {X,dx), {Y,dy) and {X x Y,d) be metric spaces such that 
doo < d. It follows from Proposition 13.61 and inequality (|3.12p that a metric d is 
partial distance-preserving if and only if d < di . 
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Corollary 3.11. Let {X^dx) and (y, c?y) be metric spaces and let d be a distance- 
increasing and partial distance-preserving metric on the product X xY . Then d is 
an ultrametric if and only if dx and dy are ultrametrics and d ~ doo ■ 

Proof. It follows from Theorem 13.91 and Proposition 13.41 □ 
4. Products of packing numbers and 

PRODUCTS OF ultrametric SPACES 

In this section we give some conditions under which a product of metric spaces 
is ultrametric. 

Theorem 4.1. Let {X, dx) and {Y, dy) be ultrametric spaces and let d be a partial 
distance-preserving metric on {X x Y) such that the inequality 

(4.1) d.oo{{xi,yi), (2:2,2/2)) < d{{xi,yi), {x2,y2)) 

holds for all {{xi, yi), {x2, 2/2)) G {X xY) x [X x Y). Then the following statements 
are equivalent. 

(i) d is an ultrametric on X x Y . 
(a) The equality 

(4.2) Me{W X Z) = Me{W) ■ Me{Z) 

holds for all compact sets W ^ X and Z CY and every e > 0. 

Lemma 4.2. Let {X,dx), {Y,dy) and {X x Y,d) be ultrametric spaces. Suppose 
that d is partial distance-preserving and ()4.ip holds for all ((xi, yi), (a;2, 2/2)) G 
{X xY) X {X xY). Then the equalities (gSl), 

(4.3) KiW X Z) = J\f,{W) ■ Me[Z), 
and 

(4.4) Me{W X Z) = M^{W X Z) 
hold for all compact sets W C X , Z (-Y and every £ > 0. 

Proof. Let W and Z be compact sets W C X, Z C Y and let e > 0. Theorem 
13.91 implies that d — doo if the conditions of the lemma hold. It follows from the 
definition of the covering numbers that 

(4.5) Af,{W xZ)< Afe{W) ■ NAZ). 

Indeed, if Cw and Cz are finite e-nets for W and, respectively, for Z , then the 
direct product Cw x Gz is a finite e-net ior W x Z in the space {X x Y, d^o ) . 
Consequently, we obtain 

Af^W X Z) < caidiCw) ■ card(Cz). 

Using this inequality for Cw and Cz with card(Cvi/) — J^e{W) and ca,rd{Cz) = 
A/'e {Z) we obtain (|4.5p . Similarly, the definition of the packing numbers implies the 
inequality 

(4.6) MeiW X Z) > Me{W) ■ MeiZ). 

for the subspace W x Z oi the space {X x Y, doc)- 
Statement (Hi) of Theorem 12.91 gives 

Me{W)=UeiW) and Me{Z) = JV,{Z) 

because {X,dx) and {Y,dy) are ultrametric spaces. The metric d — doo induces 
the natural topology on X xY. Thus W x Z is compact in (X x Y, doo), so Theorem 
12.91 (Hi) implies also the equality 

MeiW X Z)=Me(W X Z). 
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Consequently, from (|4.5p and (|4.6p we obtain 

Me[W)Me{Z) = Me{W)Me{Z) < Me{W X Z) 

= Ne{W y.Z)< KSW)Ne{Z). 
Equalities are proved. □ 

Proof of Theorem \4-l\ It was shown in Lemma that (i) ^ (ii). To prove (m) =J> 
(?) suppose that ()4.2p holds for every e > and all compacts W C X, Z C Y but 
{X X F; d) is not ultrametric. Then, by Theorem 13.91 there are points {xi,yi) € 
X xY, i ^ 1,2, such that 

(4.7) ma.x{dx{xi,X2),dY{yi,y2)} < (x2,2;2))- 
Write 

(4.8) W:^{xi,X2}, Z:={yi,y2} 
and 

(4.9) e := max{djf (xi, 0:2), dy (j/i, ?;2)}- 
Then we evidently have 

(4.10) Me{W) ^ MeiZ) ^ 1. 

Note also that inequality (|4.7p imphes that the set {(xi, yi), (x2, 2/2)} is an e- 
distinguishable subset of x Z in the space (X x Y,d). Hence, we have the 
inequality Me{W x Z) > 2. This inequality and (|4.10p contradict (|4.2p . Hence, 
the implication (ii) => (z) holds. □ 

If d is partial distance-preserving and doo < d but only one from the spaces 
{X, dx) and {Y, dy) is ultrametric, then, generally, the metric space {X x Y, d) may 
be nonultrametric even if (|4.2p holds for all compact sets W C X, Z C Y and 
every e > 0. 

Example 4.3. Let X = {x} be an one-point metric space. Then X is ultrametric 
and for every (Yjdy) there is a unique partial distance-preserving metric d = d^o 
on X X Y, i.e., the function 

{XxY,d)3{x,y)^ye{Y,dY) 

is an isometry if d is partial distance-preserving. Furthermore, it is clear that every 
W <^ X is either empty or one-point and 

Hence (|4.2p holds for all compact sets W C X, Z C Y and every e > but 
{X X Y, d) is ultrametric if and only if {Y, dy) is ultrametric. 

Proposition 4.4. Let {X,dx) and (y, dy) be metric spaces and let d be a partial 
distance-preserving metric on X x Y such that doo < d. Then the space {X x Y, d) 
is ultrametric if and only if the equalities 

(4.11) M^{W X Z) = MeiW X Z) 

and (|4.2p hold for all compact sets W X, Z CY and every e > 0. 

The following fact is included in the proof of Theorem 13.91 

Lemma 4.5. Let (X,dx) and {Y,dy) be metric spaces and let d be a partial 
distance-preserving ultrametric on X xY. Then {X,dx) and {Y,dy) are ultra- 
metric spaces. 
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Proof of Proposition \4-4\ If {X x F, d) is ultrametric, then, by Lemma {X, dx) 
and (y, dy) are ultrametric. Consequently, (j4.2p follows from Theorem 14. II The set 
W X Z is compact if W and Z are compact. Hence, (|4.11|) follows from Theorem 
[23](m). 

Now suppose that (|4.1ip and (14. 2p hold for all compact sets W C Z, Z CY and 
every e > 0. To prove that {X x Y, d) is ultrametric, it is sufficient, by Theorem 
14. H to show that (X, dx) and (y, dy) are ultrametric spaces. Using (|4.1ip with an 
one-point set W we see that Ne{Z) = A4^{Z) for every compact set Z C y and 
every e > 0, because d is partial distance-preserving. Hence, by Theorem 12.91 Y is 
an ultrametric space. Similarly X is an ultrametric space. □ 

The following example shows that in Theorem 14. II the packing numbers cannot 
be replaced by covering numbers. 
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Figure 2 . The distance-matrix of a metric space {X x Y, d) for 
X = {xi, X2} and Y = {yi, 2/2}- Here a is an arbitrary real number 
from [1,2]. 

Example 4.6. Let X = {xi, X2} and Y = {yi, ^2} be two-point metric spaces with 
metrics dx , dy such that 

dx{xi,X2) = dy(2/i,2/2) = 1- 

Let {XxY, d) be a product of the spaces {X, dx) and (Y, dy) such that d is generated 
by the distance-matrix from Fig. 2. Then d is a partial distance- preserving and 
doo < d. Moreover, a computation shows that (|4.3p holds ioi all W C X , Z C Y 
and every e > 0. Specifically we have 

A/-i(X X Y) ^ Mi{X) ■ J\fi{Y) 

because 

Sd((xi,y2),i)2^xr. 

Note that {X x F, d) is not an ultrametric space if 1 < a < 2. 

Proposition 4.7. Let {X,dx) and {Y,dy) be ultrametric spaces and let d be a 
partial distance-preserving metric on X x Y such that d^o < d. Suppose that ()4.3p 
holds for all compact sets W CI Z, Z <ZY and every e > 0. Then 

(4.12) min{d((xi,?;i), {x2,y2)),d{(x2,yi), {xi,y2))} = doo{{xi,yi), {x2,y2)} 
holds for all {xi,X2} ^ X and {yi,y2} ^ Y- 

Proof. Suppose that (14.12p does not hold for some xi,X2 & X and 2/1,2/2 G Y. Then 
using the inequality doo < d we see that 

(4.13) d{{xi,yi),{x2,y2)) > ma.x{dx{xi,X2),dy{yi,y2)} 
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and 

(4.14) d{{x2,yi),{xi,y2)) > max{dx(a:^i, 2:2), rfy (yi, 2/2)}- 
Write 

W:={xi,X2}, Z:={yi,y2}, e := doo{{xi,X2), {yi,y2))- 
Then it is clear that 

(4.15) AfeiW) = Af.iZ) = 1. 
Moreover, inequahties (|4.13p and (|4.14p imply that 

iWxZ)\Ba{ix,y),e)^9 

for every {x, y) E X xY. Consequently, we have x Z) > 1. To complete the 

proof, it suffices to observe that the last inequality and ()4.15p contradict (j4.3p . □ 

Corollary 4.8. Let (X, dx) and (Y, dy) be ultrametric spaces and let d he a partial 
distance-preserving metric on X xY such that doo < d. Suppose that the equality 

(4.16) d{{xi,yi), {X2,y2)) = d{{x2,yi), {xi,y2)) 

holds for all {xi,X2} ^ X and all {2/1,2/2} ^ Y. Then (X x Y,d) is ultrametric if 
and only if (|4.3p holds for all compact sets W C X , Z <ZY and every e > 0. 

Proof. Suppose that {X x Y, d) is ultrametric. Then (|4.3p holds, see Lemma 14.21 
Conversely, if (|4.3p holds for all compact W C X , Z C Y and every e > 0, then, 
by Proposition [121 we have (|4.12p . Note that l|4.12p and (|4.16p imply the equality 
d — doo- Using Theoreni l3.9l we see that {X x Y, d) is an ultrametric space. □ 

Remark 4.9. If the distance function d : {X x Y) x (X x Y) ^ R'^ depends only 
on "partial" distances dx and dy, see diagram (I3.7p . then (|4.16p evidently holds. 
Note that (|4.16p holds for all points from the space {X x Y, d) in Example 13 . 71 but . 
in this case, there is no function F for which diagram p.7p is commutative. 
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support. 

References 

[1] A. Bcrnig, T. Foertsch and V. Schroeder. Non Standard Metric Products / / Beitriigc zur 

Algebra and Geometrie, 44, 2003, 499-510. 
[2] B. Carl, I. Stephani. Entropy, Compactness and Approximation of Operators. Cambridge 

University Press, Cambridge, 1990. 
[3] O. Dovgoshey, O. Martio. Blow up of balls and coverings in metric spaces / / Manuscripta 

Math. 127, 2008, 89-120. 
[4] G. A. Edgar. Measure, Topology and Fractal Geometry. Corrected second printing. Springer- 

Verlag. New- York etc., 1992. 
[5] D. E. Edmunds, E. Triebel. Function Spaces, Entropy Numbers and Differential Operetors. 

Cambridge University Press, Cambridge, 1996. 
[6] A. N. Kolmogorov. On certain asymptotic characteristics of completely bounded metric 

spaces II Dokl. Akad. Nauk SSSR, (N.S.), 108, 1956, 385-388, (Russian). 
[7] A. N. Kolmogorov, V. M. Tikhomirov. e-entropy and e- capacity of sets in function spaces II 

Uspehi Mat. Nauk, 14 (2), 1959, 3-86, (Russian), English transl.: Amer Math Soc. Transl. 

(2), 17, 1961, 227-364. 

[8] G. Lorentz. Metric entropy and approximation II Bull. Amer. Math. Soc, 72, 1966, 903—937. 
[9] A. Papadopoulos. Metric Spaces, Convexity and Nonpositive Curvature. European Mathe- 
matical Society, 2005. 

[10] J. Roitman. Introduction to Modern Set Theory. John Wiley and Soms, Now York 1990. 



14 



OLEKSIY DOVGOSHEY AND OLLI MARTIO 



Institute of Applied Mathematics and Mechanics of NASU, R. Luxemburg str. 74, 
Donetsk 83114, Ukraine 

E-mail address: aleksdovSmail.ru 

Department of Mathematics and Statistics, University of Helsinki, P.O. Box 68 FI- 
00014 University of Helsinki, Finland 
E-mail address: olli.martio91ielsinki.fi 



